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Cohen and McNay both give iterative constructions of irreducible polynomials
of 2-power degree over finite fields of odd order. In this paper I show that the
roots of these polynomials are completely normal elements in the appropriate
extension field.  1997 Academic Press
1. INTRODUCTION
Given a finite field Fq , and an integer n, it is a classical problem to find
an irreducible polynomial of degree n. A more sophisticated problem is to
find such a polynomial whose roots have some desirable property, e.g., that
they are primitive roots in Fqn or that they generate normal bases of Fqn
over Fq . Recall that an element a [ Fqn is said to generate a normal basis
over Fq if its conjugates form a basis of Fqn as a vector space over Fq . For
convenience we call an element a generating a normal basis a normal
element. Furthermore if the conjugates of a over Fqr form Fqr-vector space
bases of Fqn for each factor r of n then a is said to be a completely normal
element of Fqn over Fq . Recently there has been an upsurge of interest in
completely normal elements and their construction, since Blessenohl and
Johnsen [2] proved that they exist in all extensions of finite fields.
In the case where n is a power of 2, and q ; 1 (mod 4) Cohen [3] has
given a recursive construction of an irreducible polynomial of degree n,
and Meyn [5] has shown that the roots of these polynomials are normal
elements. McNay [4] has extended Cohen’s results to the case where q ;
3 (mod 4). In this paper I give a simpler proof of a slightly stronger version
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of Meyn’s result, showing that the roots of his polynomials are completely
normal elements, and use a similar method to show that McNay’s construc-
tion also yields completely normal elements. Note that Blake et al. [1] have
also explicitly constructed irreducible polynomials of 2-power degree over
Fq with q ; 3 (mod 4) whose roots are completely normal; their construction
is related to, but different from, McNay’s but their proof that the roots are
completely normal is more complicated than mine. I also use this method
to consider extensions where n is a power of an odd prime.
2. COHEN’S CONSTRUCTION
Cohen [3] constructs his polynomials by the following transformation. If
f is a polynomial over Fq define
f R(x) 5 (2x)deg ff Sx2 1 12x D .
If f1 is any polynomial define fk recursively by fk11 5 f Rk . Then Cohen shows
that if q ; 1 (mod 4), f1 is monic and irreducible over Fq , and f (1) f (21)
is a non-square in Fq , then all of the fk are irreducible. If f1 is quadratic,
then fk is irreducible of degree 2k.
Given an extension Fqn/Fq of finite fields, in order to show that an element
a [ Fqn is a normal element Meyn [5] considers Fqn as a module over the
ring Fq[X ] via the action
SO
k
akX kD n a 5 O
k
aks k(a)
where s : a ° aq is the Frobenius automorphism. The annihilator of any
element a [ Fqn is generated by a unique monic polynomial which we shall
denote by Ordq(a). For each a, Ordq(a) divides X n 2 1, and a is a normal
element if and only if Ordq(a) 5 X n 2 1. The following result strengthens
Meyn’s (who proves normality but not complete normality).
THEOREM 1. Let q ; 1 (mod 4) be a prime power, and let f1 5 x2 1
ax 1 1 be an irreducible quadratic polynomial over Fq . Define fk recursively
by fk11 5 f
R
k . If ak is a zero of fk , then ak is a completely normal element
of Fq2k over Fq .
Proof. First note that f1(1) f1(21) 5 4 2 a2 is minus the discriminant
of f1 . This must be a non-square since f1 is irreducible and 21 is a square
in Fq .
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Our first task will be to show that ak is a normal element of Fq2k over
Fq . The fact that ak is completely normal will follow easily.
If a is a zero of fk then (a2 1 1)/(2a) is a zero of fk21 so we may assume
that ak21 5 (a2k 1 1)/(2ak) for all k $ 2. Now let
ck 5
ak 1 1
ak 2 1
so that
c2k 5
a2k 1 2ak 1 1
a2k 2 2ak 1 1
5
ak21 1 1
ak21 2 1
5 ck21 .
Also let
c0 5 c21 5
a21 1 2a1 1 1
a21 2 2a1 1 1
5
2aa1 1 2a1
2aa1 2 2a1
5
a 2 2
a 1 2
[ Fq .
Note that
ak 5
ck 1 1
ck 2 1
.
Following Meyn we now let
bk 5 ak 2 ak21
for k $ 2. Hence
bk 5
ck 1 1
ck 2 1
2
c2k 1 1
c2k 2 1
5
2ck
c2k 2 1
.
We show by induction on k that Ordq(ak) 5 X 2
k
2 1. If k 5 1, then
a1 Ó Fq , so (X 2 1) n a1 ? 0, and (X 1 1) n a1 5 2a ? 0 since x2 1 1 is
reducible over Fq . It follows that Ordq(a1) 5 X 2 2 1 as required. Now
let k . 1, so that by the inductive hypothesis we may assume that
Ordq(ak21) 5 X 2
k21
2 1. It will suffice to show that Ordq(bk) 5
(X 2k21 1 1), since these polynomials are coprime, and ak 5 ak21 1 bk . We
need the factorization of X 2
k21
1 1 over Fq .
LEMMA 1. Let q 5 2Am 1 1 where m is odd and A $ 2. Put d 5 max(0,
k 2 A). Then X 2k21 1 1 splits into the product of 2k2d21 irreducible factors
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X 2
k21
1 1 5 p
u[U
(X 2
d
2 u),
where U is the set of primitive 2k2d-th roots of unity in Fq .
Proof See [5]. n
For convenience now let c 5 ck . Then c is a 2k2d-th root of cd [ Fq2
d ,
and Fq contains all the 2k2d-th roots of unity. Also s 2
d
(c) is a 2k2d-th root
of cd and so s 2
d
(c) 5 gc for some 2k2d-th root of unity g. But g [ Fq it
follows that s 2
dt(c) 5 gtc for each integer t. Since c generates Fqk over Fq
then s 2
dt(c) 5 c only when t is a multiple of 2k2d, and so g is a primitive
2k2d-th root of unity. Now
bk 5
2c
c2 2 1
5 O2k2d2121
r50
2c2r11
c2
k2d
2 1
5 O2k2d2121
r50
2c2r11
cd 2 1
and
s 2
d S2c2r11cd 2 1D5 g2r11 2c
2r11
cd 2 1
.
Thus 2c2r11/(cd 2 1) is non-zero and annihilated by (X 2
d
2 g2r11). Hence
Ordq(2c2r11/(cd 2 1)) 5 X2
d
2 g2r11, and as r varies, this polynomial ranges
over all irreducible factors of X 2
k21
1 1. We conclude that Ordq(bk) 5
X 2
k21
1 1, as claimed.
To further establish that ak is completely normal, note that the minimum
polynomial for a2 over Fq2 is g2(x) 5 x2 2 2a1x 1 1. Also if in general the
minimum polynomial for ak over Fq2 is denoted by gk then gk11 5 gRk and
the above argument shows that ak is normal over Fq2 . Repeating this
argument shows that ak is normal over Fq2t for each t # k, i.e., ak is
completely normal over Fq . n
3. MCNAY’S CONSTRUCTION
When q ; 3 (mod 4), McNay [4] gives a construction similar to that
of Cohen by taking a non-square c [ Fq , and iterating the operation
f ° f Tc where
f Tc (x) 5 (2x)deg ff Sx2 1 c2x D .
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McNay shows that if we define f1(x) 5 x2 1 2x 1 c and fk11 5 ( fk)Tc , where
both c and 1 2 c are non-squares in Fq , then all of the fk are irreducible
over Fq . We shall show that the roots of these polynomials are normal
elements. Before doing so we need to know the factorization of X 2
k21
1 1
over Fq .
LEMMA 2. Let q ; 3 (mod 4) and write q 5 2Am 2 1 where m is odd
and A $ 2. Let k $ 2 be an integer.
(a) If k # A then the irreducible factorization of X 2
k21
1 1 over Fq is
X 2
k21
1 1 5 p
2k2221
r50
(X 2 2 (g2r11 1 g22r21)X 1 1),
where g [ Fq2 is a primitive 2k-th root of unity.
(b) If k . A then the irreducible factorization of X 2
k21
1 1 over Fq is
X 2
k21
1 1 5 p
2A2221
r50
(X 2
k2A
2 (z2r11 2 z22r21)X 2
k2A21
2 1)
3 p
2A2221
r50
(X 2
k2A
1 (z2r11 2 z22r21)X 2
k2A21
2 1),
where z [ Fq2 is a primitive 2A11-th root of unity.
Proof. This is contained in the proof of Theorem 1.2 in [1]. n
We now turn to the main result
THEOREM 2. Let q ; 3 (mod 4) be a prime power, and let f1 5 x2 1
bx 1 c be an irreducible quadratic polynomial over Fq , with b nonzero, and
c not a square in Fq . Define fk recursively by fk11 5 ( fk)Tc . If ak is a zero
of fk , then ak is a completely normal element of Fq2
k over Fq .
Proof. As in the proof of Theorem 1 we first show that ak is normal.
Let Ïc be a fixed square root of c inside Fq2 . As in the proof of Theorem
1 we may assume that ak21 5 (a2k 1 c)/(2ak) for k $ 2. Let
ck 5
ak 1 Ïc
ak 2 Ïc
.
Then
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ak 5 Ïc Sck 1 1ck 2 1D
and
c2k 5
a2k 1 2Ïcak 1 c
a2k 2 2Ïcak 1 c
5
ak21 1 Ïc
ak21 2 Ïc
5 ck21 .
Consider c1 . Now s(a1) 5 c/a1 and so
s(c1) 5
c/a1 2 Ïc
c/a1 1 Ïc
5
Ïc 2 a1
Ïc 1 a1
5 2
1
c1
.
Hence for k $ 1, s(ck) 5 g/ck for some primitive 2k-th root of unity g.
Again if we put c0 5 c21 then s(c0) 5 1/c0 .
To show that a is a normal element we proceed by induction on k. If
k 5 1 it is true since a1 does not lie in Fq and it has non-zero trace. For
k $ 2 let
bk 5 ak 2 ak21 5
2ckÏc
c2k 2 1
.
As in the proof of Theorem 1 it suffices to show that Ordq(bk) 5 X 2
k21
1 1.
For convenience let c 5 ck . We split into cases according to the size of k.
As in the previous lemma write q 5 2Am 2 1 where m is odd.
Suppose first that k # A. Then s(c) 5 gc21 where g is a primitive 2k-
th root of unity. Note that g [ Fq2 and s(g) 5 gq 5 g2
Am21 5 g21 since
g2
A
5 1. Now
bk 5
2Ïc
c2
k
2 1
O2k2121
r50
c2r11 5
2Ïc
c2
k
2 1
O2k2221
r50
(c2r11 1 c2
k
22r21).
Let
dr 5
(c2r11 1 c2
k
22r21)2Ïc
c2
k
2 1
.
Then
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s(dr) 5
2(g2r11c22r21 1 g22r21c22
k
12r11)2Ïc
c22
k
2 1
5
(g22r21c2r11 1 g2r11c2
k
22r21)2Ïc
c2
k
2 1
and
s 2(dr) 5
2(g4r12c22r21 1 g24r22c22
k
12r11)2Ïc
c22
k
2 1
5
(g24r22c2r11 1 g4r12c2
k
22r21)2Ïc
c2
k
2 1
It follows that (X 2 2 (g2r11 1 g22r21)X 1 1) n dr 5 0. As dr ? 0 it follows
that Ordq(dr) 5 X 2 2 (g2r11 1 g22r21)X 1 1 since this polynomial is
irreducible over Fq . Hence as r varies, Ordq(dr) ranges over all the irreduc-
ible factors of X 2k21 1 1, and so Ordq(bk) 5 X 2
k21
1 1 as claimed.
Now suppose that k 5 A 1 1. In this case s(c) 5 zc21 where z is a
primitive 2A11-th root of unity. Hence z2
A
5 21 and so s(z) 5 s 2
Am21 5
2z21. Now write
bk 5 O2A2221
r50
dr ,
where
dr 5
2Ïc
c0 2 1
(c2r11 1 c2
A
22r21 1 c2
A
12r11 1 c2
A1122r21).
For convenience put h 5 z2r11. We calculate
s(dr) 5
2Ïc
c0 2 1
(h21c2r11 2 hc2
A
22r21 2 h21c2
A
12r11 1 hc2
A1122r21),
s 2(dr) 5
2Ïc
c0 2 1
(2h22c2r11 2 h2c2
A
22r21 2 h22c2
A
12r11 2 h2c2
A1122r21),
and
s 4(dr) 5
2Ïc
c0 2 1
(h24c2r11 1 h4c2
A
22r21 1 h24c2
A
12r11 1 h4c2
A1122r21).
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It follows that (X 4 1 (h2 1 h22)X 2 1 1) n dr 5 0. But over Fq2 this polynomial
factors as (X 1 ih)(X 2 ih)(X 1 ih21)(X 2 ih21) where i 5 z2
A21
is a square
root of 21. Over Fq its irreducible factors are X 2 6 i(h 1 h21)X 2 1 and
it is easily seen that neither of these annihilate dr . Hence Ordq(dr) 5
X 4 1 (h2 1 h22)X 2 1 1, and as r varies these polynomials are coprime,
and multiply together to give X 2
k21
1 1 we again get Ordq(bk) 5
X 2
k21
1 1.
Finally suppose that k . A 1 1. Let t 5 s 2
k2A21
, the Frobenius automor-
phism of Fq2k over Fq2k2A21, and let c9 5 ck2A21 [ Fq2
k2A21. Then t(c9) 5 c9,
and t(c) 5 zc where z is a primitive 2A11-th root of unity. Note that
t(z) 5 z and t(Ïc) 5 Ïc. For 0 # r , 2A21 let
dr 5
2Ïc
c9 2 1
(c2r11 1 c2
A
22r21)
and d9r 5 c2
A
dr . Hence
bk 5 O2A2121
r50
(dr 1 d9r).
Straightforward computations yield
t 2(dr) 2 (z2r11 2 z22r21)t(dr) 2 dr 5 0
and
t 2(d9r ) 1 (z2r11 2 z22r21)t(d9r ) 2 d9r 5 0
and so
Ordq(dr) 5 X 2
k2A
2 (z2r11 2 z22r21)X 2
k2A21
2 1
and
Ordq(d9r ) 5 X 2
k2A
1 (z2r11 2 z22r21)X 2
k2A21
2 1.
Again we conclude that Ordq(bk) 5 X 2
k21
1 1, completing the proof that
ak is normal.
To show that ak is completely normal over Fq it now suffices to show
that ak is completely normal over Fq2 . Since q2 ; 1 (mod 4) we can appeal
to Theorem 1. For k $ 1 let a9k 5 ak/Ïc. Since Ïc [ Fq2 then ak is
completely normal over Fq2 if and only if a9k is. Let gk be the minimum
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polynomial of a9k over Fq2 . Since a9k 5 (a92k11 1 1)/(2a9k11) it follows that
g2(x) 5 x2 2 2a91x 1 1 and that gk11 5 gRk . Now Theorem 1 shows that
a9k is completely normal over Fq2 , and this completes the proof. n
4. EXTENSIONS OF ODD PRIME POWER DEGREE
In this section we briefly describe the analogues of the above results for
extensions of degree pk where p is an odd prime. Assume that q ; 1 (mod
2p), let pA be the exact power of p dividing q 2 1, and let c0 be any element
of Fq which is not a pth power. Then if we let ck be elements in an algebraic
closure of Fq satisfying cpk 5 ck21 for each k, then it is easily seen that
Fq(ck) 5 Fqp
k. Now define
ak 5
ck 1 1
ck 2 1
and
bk 5 ak 2 ak21 5
ck 1 1
ck 2 1
2
cpk 1 1
cpk 2 1
5
2(ck 1 c2k 1 ? ? ? 1 c
p21
k )
ck21 2 1
.
It follows that
ak21 5
(ak 1 1)p 1 (ak 2 1)p
(ak 1 1)p 2 (ak 2 1)p
and we get the minimum polynomial of ak by starting with f0(x) 5 x 2 a0
(the minimum polynomial of a0) and iterating the transformation
f(x) ° ((x 1 1) p 2 (x 2 1) p)deg ff S(x 1 1) p 1 (x 2 1) p(x 1 1) p 2 (x 2 1) pD .
To show that ak is a normal element we need to show that Ordq(bk) is the
pk-th cyclotomic polynomial Fpk(X), and so we need to factorize this. If
k # A it splits into linear factors over Fq , while if k . A we get a binomial
factor for each primitive pA-th root of unity. If k # A then we can write
bk as the sum of terms of the form
dr 5
2c rk
c0 2 1
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for r not divisible by p, and Ordq(dr) 5 X 2 gr for some fixed primitive
pk-th root of unity g. If k . A a similar argument applies, and in each case
we get that Ordq(bk) 5 Fpk(X), as required. It is now also easy to see that
the ak are completely normal.
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